Published by Institute of Physics Publishing for SISSA/ISAS Received: November 21, 2003 Revised: January 19, 2004 Accepted: February 4, 2004

Two-loop diagrammatics in a self-dual background

Gerald V. Dunne

Department of Physics, University of Connecticut Storrs, CT 06269-3046 U.S.A. E-mail: dunne@phys.uconn.edu

Abstract: Diagrammatic rules are developed for simplifying two-loop QED diagrams with propagators in a constant self-dual background field. This diagrammatic analysis, using dimensional regularization, is used to explain how the fully renormalized two-loop Euler-Heisenberg effective lagrangian for QED in a self-dual background field is naturally expressed in terms of one-loop diagrams. The connection between the two-loop and oneloop vacuum diagrams in a background field parallels a corresponding connection for free vacuum diagrams, without a background field, which can be derived by simple algebraic manipulations. It also mirrors similar behavior recently found for two-loop amplitudes in N = 4 SUSY Yang-Mills theory.

Keywords: Renormalization Regularization and Renormalons, NLO Computations.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep022004013 /jhep022004013 .pdf

Contents

1. Introduction 1

2. Scalar propagator in a self-dual background 4

3. Bare two loop effective lagrangians 5

4. Renormalization 9

5. Conclusions 11

1. Introduction

There has been dramatic progress in recent years in various aspects of higher-loop quantum field theory. Many two-loop scattering amplitudes in QED, QCD and SUSY theories are now computable [1]–[3]. This recent progress has been made possible by techniques developed over many years, such as: integration-by-parts [4]–[7], helicity and color decompositions [8]–[10], world-line methods [11]–[13], collinear and infrared factorizations [14]–[16], computerized algabraic manipulations [17], and differential [18, 19], difference [20] and recurrence [21, 22] relations for diagrams. Analytic expressions for “master diagrams” [23], such as the two-loop ones in [24, 25], have played a crucial role in obtaining one-loop and two-loop amplitudes for scattering processes in gauge theories such as QED [26] and QCD [27], as well as in gravity [28] and SUSY [29] theories. Furthermore, the developments in computer algebra have enabled the 4-loop computations of the β-function and anomalous mass dimension in QED [30] and QCD [31]. For vacuum diagrams, the reduction to, and evaluation of, master diagrams has been extended to the four-loop level in nonabelian gauge-Higgs systems [32]. In addition to these impressive computational advances, there is also now a much better understanding of the algebraic properties of Feynman diagram computations, due to breakthroughs of Kreimer et al. [33], who have discovered a powerful Hopf algebra structure underlying Feynman perturbation theory. There has also been significant recent progress in computing higher loop effective actions. This has been driven in part by advances in the string-inspired world-line approach [11]–[13], which has been extended beyond one-loop [34] to the multi-loop level [35]. Euler-Heisenberg effective actions at two-loop have now been studied in QED [36]–[44], scalar theories [45], QCD [46] and supersymmetric theories [47]. Since the effective action is the generating function for scattering amplitudes, these developments for two-loop amplitudes and two-loop effective actions calculations are closely related.

The main goal of this paper is to begin to develop diagrammatic rules for the manipulation of vacuum diagrams involving propagators in a background field, along the lines of the now familiar techniques for the manipulation of diagrams involving free propagators. This

– 1 – should facilitate the analysis of higher-loop background field vacuum diagram calculations. These background field vacuum diagrams arise in the computation of effective actions, and can be used as generating functions for computing multi-leg amplitudes [42, 48]. More specifically, we consider two-loop QED vacuum diagrams in a constant self-dual background. There are several hints that simple diagrammatic rules may be attainable in this case. First, it has recently been shown that the two-loop QED Euler-Heisenberg effective action in a self-dual background is extremely simple, after mass and charge renormalization, and is found to be expressed in terms of simpler one-loop diagrams [41]–[44]. This paper gives a diagrammatic analysis of this result, using some of the ideas developed for the manipulation of diagrams involving free propagators. We show that one of the coefficients is found to reflect a similar two-loop to one-loop relation in the free theory (with no background field), which can be derived by trivial algebraic manipulations without any integrals. Second, the effective action in a self-dual background generates amplitudes with all external helicities alike, and these amplitudes are known to be especially simple in massless theories [10, 49]. While less is known about helicity amplitudes with massive fermions or scalars, there are still simplifications [50]. Third, self-duality is closely tied to both helicity and SUSY [44], and amplitudes in SUSY theories are known to be simple [29]. Indeed, recent studies of two-loop amplitudes in N = 4 SUSY Yang-Mills theory have found remarkable relations between the two-loop results and their one-loop counterparts [51]. It is anticipated that this is a perturbative reflection of the nonperturbative solvability of these highly symmetric theories (an illustration of the Maldacena conjecture [52]), and that similar recursive structures will continue to higher loop order [51]. This should be reflected in the effective action, perhaps by a mechanism similar to the one described in this paper. If there is some recursive or algebraic structure in this background field perturbation theory, it opens a window of opportunity to learn something nonperturbative about gauge theories such as QED and QCD.

Diagrammatic methods in background field calculations have also been investigated recently [53] in a computation of the three loop Yang-Mills β-function. There, since the goal is the β-function rather than the full effective action, it is sufficient to expand the background field propagators to at most quadratic order in the background field strength [54]. Thus, in this approach one actually deals with diagrams involving powers of the free propagators, in which case the conventional diagrammatic rules can be used for evaluating diagrams. Here, instead, we keep the full dependence on the background field, in order to obtain the full effective action, the generating function of amplitudes with any number of external legs. This requires the development of new diagrammatic rules.

The computation [55, 56] of the one-loop Euler-Heisenberg effective lagrangian for QED in a constant background field serves as the paradigm for low energy effective field theory, with many immediate applications, such as nonlinear effective interactions (e.g., light-light scattering), pair production from vacuum in an electric background, and the β-function. In principle, the computation of the two-loop Euler-Heisenberg effective lagrangian is completely straightforward, as we only need to compute a single vacuum diagram with an internal photon line and a single fermion or scalar loop, where these fermion/scalar propagators are those in the presence of the constant background field. These propagators have

– 2 – been known in closed-form for a long time [58, 56]. The new feature that makes two-loops nontrivial is the necessity of mass renormalization. In a tour de force, Ritus [36] found explicit expressions for the renormalized two-loop effective lagrangian for both spinor and scalar QED. These two-loop results are now well understood, having been studied using proper-time regularization, dimensional regularization and more recently using the worldline formalism [37, 38]. Unfortunately, the two-loop effective lagrangian expressions, for a general constant background, are extremely complicated two-parameter integrals (roughly speaking, there is one parameter integral left for each spinor/scalar propagator), and it is difficult to extract detailed physical information beyond their leading behavior. This complication persists even if one specializes to the less general case of a constant magnetic field or a constant electric field background [36, 37, 40].

However, if the constant background field is chosen to be self-dual, then at two loops all the parameter integrals can be done in closed form, leading to the following explicit formulas for the fully renormalized two-loop effective lagrangians [41, 42]:

L^{(2)}_{scalar} = α m^4 (4π)^3 1 κ^2 [ 3 2 ξ^2(κ) − ξ^′(κ) ] (1.1)

L^{(2)}_{spinor} = −2α m^4 (4π)^3 1 κ^2 [ 3ξ^2(κ) − ξ^′(κ) ] (1.2)

These on-shell renormalized two-loop effective lagrangians are expressed in terms of the dimensionless variable κ = m^2/2ef , where f denotes the self-dual field strength:^1_4 F_{μν} F_{μν} = f^2. The function ξ is defined as

ξ(κ) ≡ −κ ( ψ(κ) − ln(κ) + 1 2κ ) , (1.3)

where ψ(κ) =^d_{dκ} ln Γ(κ) is the Euler digamma function [57]. The subtraction of the first two terms of the asymptotic expansion of ψ(κ) in the definition of ξ(κ) arises naturally in the renormalization, as is shown below.

The dramatic simplicity of the results (1.1) and (1.2) for a self-dual background field, compared to the complicated double-parameter integral representations obtained for a general background field [36]–[38], can be traced to the relationship between self-duality, helicity and supersymmetry [42]–[44]. Aiming to go beyond the two-loop level, this paper makes connection of these results with the diagrammatic methods developed, using dimensional regularization, for higher loop amplitudes in quantum field theory. We restrict attention here to the case of scalar QED, since the quantum mechanical supersymmetry of the Dirac operator in a self-dual background means that the spinor case can be directly scalarized [42, 44], reducing the spinor QED computation of the two-loop effective lagrangian to essentially the same computation as in scalar QED, but with different numerical coefficients, as is reflected in the final answers (1.1) and (1.2). Some interesting subtleties arise in the massless case, where the zero modes of spinor QED in a self-dual background become important, and will be addressed in a future publication.

– 3 –

2. Scalar propagator in a self-dual background

The propagators of scalar and spinor particles in a constant background electromagnetic field, of field strength F_{μν} , may be expressed as proper-time integrals [58, 56]. If the electromagnetic background is self-dual, so that (we work in euclidean space)

F_{μν} = F̃_{μν} , where F̃_{μν} ≡ 1 2 ϵ_{μνρσ}F_{ρσ} (2.1) then the constant field-strength matrix F_{μν} may be block-diagonalized as

F_{μν} = 0 f 0 0 −f 0 0 0 0 0 0 f 0 0 −f 0

(2.2)

where f denotes the strength of the constant field:^1_4 F_{μν} F_{μν} = f^2. The block-diagonalized form of F_{μν} also implies that F_{μν} F_{νρ} = −f^2δ_{μρ}, and this fact leads to a dramatic simplification of the expressions for the scalar and spinor propagators in a constant electromagnetic background. For example, in 4 dimensions the scalar propagator has the proper-time integral representation G(p) = ∫_∞ 0 dt ch^2(eft) e^{−m2t− p} 2 ef tanh(eft) (2.3)

The massless propagator, (1−e^{−p2/ef} )/p^2, has been studied in one-loop calculations in [59].

The self-duality condition (2.1) is naturally tied to 4 dimensional spacetime. However, the block-diagonalization in (2.2) generalizes straightforwardly to any integer dimension, retaining the property F_{μν} F_{νρ} = −f^2δ_{μρ} if the dimension is even. Thus, the natural dimensional continuation of the scalar propagator for the case of a block-diagonalized ”self-dual” constant background field F_{μν} is G(p) = ∫_∞ 0 dt ch^{d/2}(eft) e^{−m2 t− p} 2 ef tanh(eft) (2.4)

This corresponds to standard dimensional regularization within the world-line formalism [12, 13, 38].

The propagator G(p) in (2.4) satisfies the following differential equation, for arbitrary dimension d: ( p^2 + m^2 ) G(p) = 1 +

(ef)^2 4 ∂^2G(p) ∂p^2_μ . (2.5)

In the free-field limit, where f → 0, the propagator G(p) in (2.4) reduces smoothly to the free propagator G_0(p) = 1 p^2 + m^2

(2.6)

as is clearly consistent with the differential equation (2.5).

An important observation is that the propagator G(p) in (2.4) is naturally connected with the function ξ(κ) defined in (1.3), in terms of which the two-loop renormalized effective lagrangians (1.1) and (1.2) are expressed. To see this, using an integral representation [57]

– 4 – of the digamma function ψ(κ), we can write ξ(κ) as: ξ(κ) = − 1 2 ∫_∞ 0 ds e^{−2κs} ( 1 sh^2s − 1 s^2 ) . (2.7)

Next, introducing the notation that a double line represents the scalar propagator in the self-dual background, while a single line represents the free scalar propagator, it is simple to show that − ≡ ∫ d^4p (2π)^4

[G(p) − G_0(p)] = − m^2 (4π)^2 ξ(κ) κ . (2.8)

Further, introducing the notation that a solid dot on a propagator means that the propagator is squared, we find that − ≡ ∫ d^4p (2π)^4 [ (G(p))^2 − (G_0(p))^2 ] = ξ^′(κ) (4π)^2

(2.9)

Thus, we can express the results (1.1) and (1.2) for the renormalized two-loop effective lagrangians in scalar and spinor QED diagrammatically as

scalar QED : [ − ] = 3 2 e^2 [ − ]_2 − e^2 (ef)^2 4π^2 [ − ] (2.10)

spinor QED : [ − ] = −6 e^2 [ − ]_2 + e^2

(ef)^2 2π^2 [ − ] . (2.11)

In (2.11) the triple line denotes the spinor propagator in the self-dual background. Note that all diagrams on the right-hand side are one-loop diagrams, which are much simpler than the original two-loop diagrams on the left-hand side. The results (1.1) and (1.2) have been derived previously using the world-line formalism [41, 42], and in field theory with a proper-time cutoff [44]. The purpose of this paper is to understand how these results come about in a diagrammatic approach, using conventional dimensional regularization.

3. Bare two loop effective lagrangians

Consider the two-loop vacuum diagram in scalar QED, with free scalar propagators and using Feynman gauge for the internal photon line. Simple algebraic manipulations reduce this two-loop diagram as follows: = e^2 2 ∫ d^dp d^dq (2π)^{2d}

(p + q)^2 (p − q)^2(p^2 + m^2)(q^2 + m^2) = e^2 2 ∫ d^dp d^dq (2π)^{2d} [ −(p − q)^2 + 2(p^2 + m^2) + 2(q^2 + m^2) − 4m^2 ] (p − q)^2(p^2 + m^2)(q^2 + m^2) = − e^2 2 [∫ d^dp (2π)^d

G_0(p)

]_2 − 2e^2m^2 ∫ d^dp d^dq (2π)^{2d}

G_0(p)G_0(q) (p − q)^2 = − e^2 2 [ ]_2 − 2e^2m^2 [ ] (3.1)

In going from the second to third line we have used the fact that in dimensional regularization ∫ d^dp (p^2)^α = 0.

– 5 –

In fact, the second term in the last line of (3.1) is proportional to the first term. This follows most simply by an integration by parts [4]–[7], but can also be seen by direct evaluation. In d = 4 − 2ϵ dimensions it is straightforward to show that = ∫ d^dp (2π)^d

G_0(p) = −

(m^2)^{1−ϵ} (4π)^{2−ϵ} Γ(1 + ϵ) ϵ(1 − ϵ) (3.2)

while = ∫ d^dp d^dq (2π)^{2d}

G_0(p)G_0(q) (p − q)^2 = − (m^2)^{1−2ϵ} (4π)^{4−2ϵ}

(Γ(1 + ϵ))^2 ϵ^2(1 − ϵ)(1 − 2ϵ) = − 1 m^2

(1 − ϵ) (1 − 2ϵ) [ ]_2 . (3.3) Inserting these results into (3.1) we find = e^2 2 ( d − 1 d − 3 ) [ ]_2 . (3.4)

Thus, the two-loop vacuum diagram has been expressed as the square of a simpler one-loop vacuum diagram. Notice that the dimension-dependent numerical prefactor, which gives a factor of 3/2 in d = 4, corresponds precisely to the factor of 3/2 in the self-dual twoloop effective lagrangian (2.10). For spinor QED the calculation is analogous, but with an additional minus sign from the spinor loop and a factor of 4 from the spinor trace, giving a factor of −6, which corresponds to the factor of −6 in (2.11) for the spinor case.

For free scalar and spinor QED, without a background field, relations such as (3.4) are very well known and are not too surprising since these are single-scale diagrams. However, the interesting point is that in this paper we show that very similar structures appear, with corresponding coefficients, even after the self-dual background field scale is introduced. This is a highly non-trivial result — such two-loop to one-loop relations have not been found for any other type of background field. If it were possible to explain these self-dual background field loop relations in a manner as simple as the explanation of (3.4), then this would make feasible computations for even higher loop with a self-dual background field.

Now repeat the same type of manipulation as in (3.1), but for the two-loop vacuum diagram in a self-dual background field. The scalar propagators change from G_0(p) to G(p), while the internal photon propagator is unchanged. The scalar-photon vertex changes as p_μ → p_μ − eA_μ. Thus = e^2 2 ∫ d^dp d^dq (2π)^{2d} 1 (p − q)^2 { (p + q)^2G(p)G(q) − (ef)^2 ∂G(p) ∂p_μ ∂G(q) ∂q_μ }

= e^2 2 ∫ d^dp d^dq (2π)^{2d} 1 (p − q)^2 { [−(p − q)^2 + 2(p^2 + m^2) + 2(q^2 + m^2) − 4m^2]G(p)G(q) − − (ef)^2 ∂G ∂p_μ ∂G ∂q_μ }

= − e^2 2 [∫ d^dp (2π)^d G(p) ]_2 − 2e^2m^2 ∫ d^dp d^dq (2π)^{2d} G(p)G(q) (p − q)^2 −

− 2(d − 4)e^2(ef)^2 ∫ d^dp d^dq (2π)^{2d} G(p)G(q) (p − q)^4

– 6 –

= − e^2 2 [ ]_2 − 2e^2m^2 [ ] − 2(d − 4)e^2(ef)^2 [ ] . (3.5)

Here we have used the differential equation (2.5) satisfied by G(p), and in the last term we have integrated by parts to take the momentum derivatives off the scalar propagators and onto the photon propagator. As before, the dot on the propagator means that the propagator is squared.

Notice the similarity, and difference, between the free-field expression (3.1) and the self-dual background field expression (3.5). The first two terms mirror one another, with the free field propagators simply being replaced by background field propagators, while the third term in (3.5) is proportional to the background field strength and has no analogue in the free field expression (3.1). Since the two-loop effective lagrangian is the difference of the background field diagram in (3.5) and the free field diagram in (3.1), the correspondence of the first two terms in these expressions means that these parts of the diagrams can be combined naturally. After charge and mass renormalization we will see below that the difference of these first two terms combines to produce the ξ^2(κ) contribution in the final expression (1.1), while the third diagram in (3.5) leads to the ξ^′(κ) term in (1.1). Thus, the simple algebraic manipulations in (3.1) and (3.5) already go some way towards explaining the fact that in the final expression (1.1) the coefficient of the ξ^2 term coincides with the coefficient 3/2 in (3.4).

We now evaluate, using dimensional regularization, each of the three diagrams appearing on the RHS of (3.5). = ∫ d^dp (2π)^d G(p) = ∫_∞ 0 dt e^{−m2 t} ch^{d/2}(eft) ∫ d^dp (2π)^d e^{− p} 2 ef tanh(eft)

= (ef)^{d/2−1} (4π)^{d/2} ∫_∞ 0 dy e^{−2κy} sh^{d/2}(y) = − (m^2)^{1−ϵ} (4π)^{2−ϵ} Γ(1 + ϵ) ϵ(1 − ϵ) Γ(κ + 1 − ϵ/2) Γ(κ + ϵ/2) κ^{ϵ−1} , (3.6)

where we recall that κ = m^2/(2ef), and we have used the Euler beta function identity ∫_∞ 0 dx e^{−bx}sh^c(x) = Γ(c + 1)Γ(b/2 − c/2) 2^{c+1}Γ(b/2 + c/2 + 1)

. (3.7)

Note that in the free-field limit, where κ → ∞, the background field vacuum bubble diagram in (3.6) reduces smoothly to the corresponding free-field vacuum bubble diagram in (3.2). Furthermore, for any κ, as ϵ → 0 this difference is − = − (m^2)^{1−ϵ} (4π)^{2−ϵ} Γ(1 + ϵ) ϵ(1 − ϵ) ( Γ(κ + 1 − ϵ/2) Γ(κ + ϵ/2) κ^{ϵ−1} − 1 )

= m^2 (4π)^2 ( ψ(κ) − log κ + 1 2κ ) + O(ϵ) (3.8)

which demonstrates how the function ξ(κ), defined in (1.3), arises in dimensional regularization. This relation (3.8) was already noted in (2.8) with ϵ = 0.

– 7 –

To compute the remaining two terms in (3.5) we use the following identities, which are easily derived in dimensional regularization: ∫ d^dp d^dq (2π)^{2d} e^{−p2u}e^{−q2v} (p − q)^2 = 2 (d − 2) 1 (4π)^d (uv)^{1−d/2} (u + v)

(3.9) ∫ d^dp d^dq (2π)^{2d} e^{−p2u}e^{−q2v} (p − q)^4 = 4 (d − 2)(d − 4) 1 (4π)^d (uv)^{2−d/2} (u + v)^2

. (3.10)

Using (3.9) and the proper-time form (2.4) of the scalar propagator in a self-dual background field, we find = 2 (d − 2) (ef)^{d−3} (4π)^d ∫_∞ 0 dt ∫_∞ 0 ds e^{−2κ(s+t)} [sh(t)sh(s)]^{1−d/2}

sh(t + s) = 2^{d/2} (d − 2) (ef)^{d−3} (4π)^d ∫_∞ 0 y dy sh(y) e^{−2κy} ∫_1 0 dv [ch(y) − ch(yv)]^{1−d/2} , (3.11)

where we have made the changes of variables from s and t, to y = (s + t), and v = (_{s−t} s+t ) . Similarly, using (3.10) we find = 4 (d − 2)(d − 4) (ef)^{d−4} (4π)^d ∫_∞ 0 dt ∫_∞ 0 ds e^{−2κ(s+t)} [sh(t)sh(s)]^{2−d/2} sh^2(t + s) = 2^{d/2} (d − 2)(d − 4) (ef)^{d−4} (4π)^d ∫_∞ 0 y dy sh^2(y) e^{−2κy} ∫_1 0 dv [ch(y) − ch(yv)]^{2−d/2} . (3.12)

The v integrals in (3.11) and (3.12) have the same form, and can be done by making the substitution w = (ch(y) − ch(yv))/(ch(y) − 1): ∫_1 0 dv [ch(y) − ch(yv)]^α =

(chy − 1)^{1+α} y shy ∫_1 0 dw w^α (1 − w)^{−1/2} ( 1 − w tanh^2 (y 2 ))_{−1/2}

= Γ(^1_2 )Γ(1 + α) Γ(^3_2 + α)

(chy − 1)^{1+α} y shy^2

F_1 ( 1 + α, 1 2 , 3 2 + α; tanh^2 (y 2 ))

= Γ(^1_2 )Γ(1 + α) 2^{1+α}Γ(^3_2 + α)

(shy)^{1+2α}

y^2

F_1 ( 1 2 + α 2 , 1 2 + α 2 , 3 2 + α; −sh^2y )

(3.13)

Here we used the hypergeometric identities 2.1.4.(23) and 2.1.5.(25) in [57], but note that there is a typographical error in 2.1.5.(25), as noted at the front of [57].

In (3.11) and (3.12) the v integrals are of the form (3.13), with α = 1 − d/2 = ϵ − 1, and α = 2 − d/2 = ϵ, respectively. Finally, the y integrals can be done by expanding the hypergeometric functions and using the identity (3.7), leading to = (m^2)^{1−2ϵ} (4π)^{4−2ϵ}

Γ(1 + ϵ)Γ(^1_2 ) ϵ(1 − ϵ)Γ(^ϵ_2 )^2 κ^{2ϵ−1} × × ∞∑ n=0 (−1)^nΓ(n +^ϵ_2 )^2Γ(2ϵ + 2n − 1)Γ(κ − n − ϵ + 1) n! 2^{2n+2ϵ−1}Γ(n +^1_2 + ϵ)Γ(κ + n + ϵ) = − (m^2)^{1−2ϵ} (4π)^{4−2ϵ}

(Γ(1 + ϵ))^2 ϵ^2(1 − ϵ)(1 − 2ϵ)

Γ(κ + 1 − ϵ) Γ(κ + ϵ) κ^{2ϵ−1} [ 1 + O(ϵ^3) ] (3.14)

– 8 – and = − (m^2)^{−2ϵ} (4π)^{4−2ϵ}

Γ(1 + ϵ)Γ(1/2) 2ϵ(1 − ϵ)Γ(1/2 + ϵ/2)^2 κ^{2ϵ} ×

× ∞∑ n=0 (−1)^nΓ(n + 1/2 + ϵ/2)^2Γ(2ϵ + 2n)Γ(κ − n − ϵ + 1/2) n! 2^{2n+2ϵ}Γ(n + 3/2 + ϵ)Γ(κ + n + ϵ − 1/2) = − 1 2 (m^2)^{−2ϵ} (4π)^{4−2ϵ}

(Γ(1 + ϵ))^2 ϵ^2(1 − ϵ)(1 − 2ϵ)(1 + 2ϵ) κ^{2ϵ} d dκ ( Γ(κ + 1 − ϵ) Γ(κ + ϵ) ) [ 1 + O(ϵ^2) ] . (3.15)

The final expressions in (3.14) and (3.15) are obtained by noting that

2F_1 ( ϵ 2 , ϵ 2 , 1 2 + ϵ; −sh^2(y) ) = 1 + O(ϵ^2)

2F_1 ( 1 2 + ϵ 2 , 1 2 + ϵ 2 , 3 2 + ϵ; −sh^2(y) ) = y sh(y)

+ O(ϵ) . (3.16)

It is quite remarkable that all the two-loop bare vacuum diagrams for a self-dual background can be expressed so simply in terms of gamma functions, albeit as sums of Γ’s, or Γ functions in the ϵ expansion.

4. Renormalization

To renormalize the two-loop effective lagrangian in the dimensional regularization scheme, we first subtract the free vacuum diagram (3.1) from the background field vacuum diagram (3.5), and then expand in a Laurent series in ϵ, keeping the pole and finite parts. We then identify and subtract the mass and charge renormalization terms from this Laurent series, leaving the renormalized two-loop effective lagrangian.

Subtracting the bare vacuum diagram (3.1) from the background field vacuum diagram (3.5) gives the bare two-loop effective lagrangian: [ − ] bare = − e^2 2 {[ ]_2 − [ ]_2} − 2e^2m^2 { − } − − 2(d − 4)e^2(ef)^2 { } . (4.1)

Using the results (3.2) and (3.6), and expanding in ϵ, the first term in (4.1) is − e^2 2 {[ ]_2 − [ ]_2} =

= − e^2 2 (m^2)^{2−2ϵ} (4π)^{4−2ϵ} ( Γ(1 + ϵ) ϵ(1 − ϵ) )_2 [( Γ(κ + 1 −^ϵ_2 ) Γ(κ +^ϵ_2 ) κ^{ϵ−1} )_2 − 1 ]

= − e^2 2 m^4 (4π)^4 { 2 ϵ ξ(κ) κ + [ 2 ξ^2(κ) κ^2 + 4 ( 1 − γ − log ( m^2 4π )) ξ(κ) κ − 1 4κ^2 ] + O(ϵ) } .(4.2)

– 9 –

Here γ = 0.5572 . . . is Euler’s constant. Using (3.3) and (3.14), neglecting terms that clearly vanish with ϵ, the second term in (4.1) is

−2e^2m^2 { − } = = 2e^2

(m^2)^{2−2ϵ} (4π)^{4−2ϵ}

(Γ(1 + ϵ))^2 ϵ^2(1 − ϵ)(1 − 2ϵ) [ Γ(κ + 1 − ϵ) Γ(κ + ϵ) κ^{2ϵ−1} − 1 ]

= 2e^2 m^4 (4π)^4 { 2 ϵ ξ(κ) κ + [ 2 ξ^2(κ) κ^2 + 4 ( 3 2 − γ − log ( m^2 4π )) ξ(κ) κ − 1 2κ^2 ] + O(ϵ) } .(4.3)

From (3.15), also neglecting terms that clearly vanish with ϵ, the third term in (4.1) is

−2(d − 4)e^2(ef)^2 { } = = − e^2 2 (m^2)^{2−2ϵ} (4π)^{4−2ϵ}

(Γ(1 + ϵ))^2 ϵ(1 − ϵ)(1 − 2ϵ)(1 + 2ϵ) κ^{2ϵ−2} d dκ ( Γ(κ + 1 − ϵ) Γ(κ + ϵ) )

= − e^2 2 m^4 (4π)^4 { 1 ϵ 1 κ^2 + 1 κ^2 [ 2ξ^′(κ) − 1 − 2γ − 2 log ( m^2 4π )] + O(ϵ) } . (4.4)

Mass renormalization is effected by subtracting δm^{2 ∂L(1)}_{∂(m2)} from the bare two-loop lagrangian, where δm^2 is the one-loop mass (squared) shift, computed using dimensional regularization:

δm^2 = [ ] p^2=−m^2

= e^2 [∫ d^dq (2π)^d

(p + q)^2 (p − q)^2(q^2 + m^2) ] p^2=−m^2

= −e^2 ( 3 − 2ϵ 1 − 2ϵ ) (m^2)^{1−ϵ} (4π)^{2−ϵ} Γ(1 + ϵ) ϵ(1 − ϵ) = − e^2m^2 (4π)^2 { 3 ϵ + [ 7 − 3γ − 3 ln ( m^2 4π )] + O(ϵ) } . (4.5)

In dimensional regularization, the derivative of the one-loop effective lagrangian is

∂L^{(1)} ∂(m^2) = (ef)^{d/2−1} (4π)^{d/2} ∫_∞ 0 ds e^{−2κs} ( 1 sh^{d/2}(s) − 1 s^{d/2} )

= − (m^2)^{1−ϵ} (4π)^{2−ϵ} Γ(1 + ϵ) ϵ(1 − ϵ) [ Γ(κ + 1 −^ϵ_2 ) Γ(κ +^ϵ_2 ) κ^{ϵ−1} − 1 ] (4.6)

Thus the mass renormalization subtraction term is δm^2 ∂L^{(1)} ∂(m^2)

= e^2 ( 3 − 2ϵ 1 − 2ϵ ) (m^2)^{2−2ϵ} (4π)^{4−2ϵ} ( Γ(1 + ϵ) ϵ(1 − ϵ) )_2 [

Γ(κ + 1 −^ϵ_2 ) Γ(κ +^ϵ_2 ) κ^{ϵ−1} − 1 ] (4.7)

= 3e^2 m^4 (4π)^4 { 1 ϵ ξ(κ) κ + [ 1 2 ξ^2(κ) κ^2 + ( 10 3 −2γ−2 log ( m^2 4π )) ξ(κ) κ − 1 8κ^2 ] +O(ϵ) }

Combining the bare lagrangian (4.1) with this mass renormalization subtraction, we obtain the mass renormalized two-loop effective lagrangian: [ − ] mass ren = [ − ] bare − δm^2 ∂L^{(1)} ∂(m^2)

(4.8)

= e^2 m^4 (4π)^4 1 κ^2 ( 3 2 ξ^2(κ)−ξ^′(κ) ) + e^4f^2 64π^4 ( − 1 2ϵ +γ+log ( m^2 4π )) .

– 10 –

Notice that in the mass renormalized expression all the ξ(κ)/κ terms cancel, in both the pole and finite parts, provided we renormalize on-shell. The final term in (4.8) is proportional to the bare Maxwell lagrangian, f^2, and so is clearly identified as the two-loop charge renormalization term. The coefficient of the log term in this two-loop charge renormalization term gives us the two-loop β-function coefficient for scalar QED [36, 44]. Subtracting the charge renormalization term, the remaining term in (4.8) is the final answer for the fully renormalized two-loop effective lagrangian (1.1) for scalar QED in a constant self-dual background.

5. Conclusions

This paper has shown how the fully renormalized two-loop Euler-Heisenberg effective lagrangian for scalar QED in a self-dual background is naturally expressed in terms of oneloop diagrams. To conclude, we use the explicit computation of the various two-loop diagrams to deduce some diagrammatic rules, which hold to O(ϵ^0). This leads to a novel diagrammatic perspective on the mass renormalization. First, recall that the diagrammatic decomposition in (3.5) was obtained by purely algebraic manipulations, without doing any integrals, and furthermore this decomposition mirrors the corresponding free-field decomposition in (3.1). This leads directly to the diagrammatic representation (4.1) of the bare two-loop effective lagrangian. The remaining two-loop diagram combinations appearing in (4.1) are computed in (4.3) and (4.4), and their reduction to one-loop diagrams may be represented diagrammatically as follows: − = − 1 m^2 {[ ]_2 − [ ]_2} + 1 8π^2 { − } + e^2f^2 m^2(4π)^4 + O(ϵ) (5.1) = − 1 ϵ 1 (4π)^2 { − } + 1 2ϵ 1 (4π)^4 ( − 1 ϵ +1+2γ + 2 log ( m^2 4π )) + O(ϵ^0) .

(5.2)

Recall that the two-loop bubble in (5.2) appears in the two-loop effective lagrangian (4.1) multiplied by a factor of ϵ.

These rules mean that the bare two-loop effective lagrangian in (4.1) can be written in terms of one-loop diagrams as [ − ] bare = 3e^2 2 {[ ]_2 − [ ]_2} − e^2 (ef)^2 4π^2 { − } − − e^2m^2 4π^2 { − } + e^4f^2 (4π)^4 ( − 2 ϵ +4γ+4 log ( m^2 4π )) + O(ϵ) = 3e^2 2 [ − ]_2 − e^2 (ef)^2 4π^2 { − } + + ( 3e^2 [ ] − e^2m^2 4π^2 ) { − } + + e^4f^2 (4π)^4 ( − 2 ϵ + 4γ + 4 log ( m^2 4π )) + O(ϵ) , (5.3)

– 11 – where we have “completed the square” to write [ ]_2 − [ ]_2 = [ − ]_2 + 2 [ ] [ − ] . (5.4)

The first two terms in the last equality in (5.3) give the diagrammatic form of the fully renormalized two-loop effective lagrangian (2.10). The final term clearly corresponds to two-loop charge renormalization. The remaining term corresponds to mass renormalization. To see this, recall that the mass (squared) shift (4.5) is

δm^2 = [ ] p^2=−m^2

= e^2 ( 3 − 2ϵ 1 − 2ϵ ) [ ]

= 3e^2 [ ] − e^2m^2 4π^2

+ O(ϵ) . (5.5)

Thus, the mass renormalization subtraction term is δm^2 ∂L^{(1)} ∂(m^2) = ( 3e^2 [ ] − e^2m^2 4π^2 ) { − } + O(ϵ) . (5.6)

We recognize this mass renormalization subtraction term as the third term in (5.3), which is obtained after completing the square. This shows that the mass renormalization essentially corresponds to the diagrammatic operation of completing the square. After charge and mass renormalization we are left with the diagrammatic expression (2.10) for the fully renormalized two-loop effective lagrangian.

It is not clear yet if this simple diagrammatic interpretation of mass renormalization persists at higher loops. However, it is conceivable that it might, for the following reasons. The mass renormalization terms in the effective lagrangian at n^{th} loop order involve contributions to δm^2 up to (n − 1)^{th} order, multiplied by certain derivatives with respect to m^2 of L^{(l)}, for l up to (n − 1). The higher order contributions to δm^2 are expressible in terms of free one loop diagrams. Thus, if L^{(l)} continues to be expressible in terms of the function ξ (as is true at one and two loop), then together with the generalizations of the relations (2.8) and (2.9) relating ξ to the propagators, this would suggest that there may indeed continue to be a simple diagrammatic representation of mass renormalization.

Finally, I re-emphasize the remarkable similarity between the relation (3.1) connecting two-loop and one-loop free vacuum diagrams, and the corresponding relation (3.5) for vacuum diagrams in a self-dual background field. Furthermore, after mass and charge renormalization we find the same factor of 3/2 in (2.10) for the background field case as is found in (3.4) for the free case by simple algebraic manipulations. It is surprising that the background field has so little effect, once the two-loop background field vacuum diagram is renormalized on-shell. To make full use of rules like these at higher loop order it would be useful to have a purely algebraic derivation, for example from generalized integration-by-parts rules, using the self-dual background field propagators instead of free propagators. Work along these lines is in progress.

– 12 –

Acknowledgments

I am grateful to the Rockefeller Foundation for a Bellagio Residency in the summer of 2003, when this work was done. I also thank A. Vainshtein and C. Schubert for helpful discussions and correspondence, and the DOE for support through the grant DE-FG02-92ER40716.

References

[1] M. Steinhauser, Results and techniques of multi-loop calculations, Phys. Rept. 364 (2002) 247 [hep-ph/0201075].

[2] E.W.N. Glover, Progress in NNLO calculations for scattering processes, Nucl. Phys. 116 (Proc. Suppl.) (2003) 3 [hep-ph/0211412].

[3] Z. Bern, Recent progress in perturbative quantum field theory, Nucl. Phys. 117 (Proc. Suppl.)

(2003) 260 [hep-ph/0212406].

[4] C.M. Bender, R.W. Keener and R.E. Zippel, New approach to the calculation of F(1) (alpha) in massless quantum electrodynamics, Phys. Rev. D 15 (1977) 1572.

[5] A.A. Vladimirov, Method for computing renormalization group functions in dimensional renormalization scheme, Theor. Math. Phys. 43 (1980) 417.

[6] K.G. Chetyrkin and F.V. Tkachov, Integration by parts: the algorithm to calculate beta functions in 4 loops, Nucl. Phys. B 192 (1981) 159; Infrared R operation and ultraviolet counterterms in the ms scheme, Phys. Lett. B 114 (1982) 340;

F.V. Tkachov, A theorem on analytical calculability of four loop renormalization group functions, Phys. Lett. B 100 (1981) 65.

[7] D.J. Broadhurst, Three loop on-shell charge renormalization without integration: lambda-MS (QED) to four loops, Z. Physik C 54 (1992) 599; Massive 3-loop feynman diagrams reducible to SC* primitives of algebras of the sixth root of unity, Eur. Phys. J. C 8 (1999) 311 [hep-th/9803091].

[8] M.L. Mangano and S.J. Parke, Multiparton amplitudes in gauge theories, Phys. Rept. 200 (1991) 301.

[9] Z. Bern and D.A. Kosower, Color decomposition of one loop amplitudes in gauge theories, Nucl. Phys. B 362 (1991) 389.

[10] L.J. Dixon, Calculating scattering amplitudes efficiently, hep-ph/9601359;

Lectures at TASI ’95, QCD and beyond, D.E. Soper ed., World Scientific, 1996.

[11] Z. Bern and D.A. Kosower, Efficient calculation of one loop QCD amplitudes, Phys. Rev.

Lett. 66 (1991) 1669; The computation of loop amplitudes in gauge theories, Nucl. Phys. B 379 (1992) 451.

[12] C. Schubert, An introduction to the worldline technique for quantum field theory calculations, Acta Phys. Polon. B27 (1996) 3965 [hep-th/9610108].

[13] C. Schubert, Perturbative quantum field theory in the string-inspired formalism, Phys. Rept.

355 (2001) 73 [hep-th/0101036].

[14] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, One loop n point gauge theory amplitudes, unitarity and collinear limits, Nucl. Phys. B 425 (1994) 217 [hep-ph/9403226].

– 13 –

[15] S. Catani, The singular behaviour of QCD amplitudes at two-loop order, Phys. Lett. B 427 (1998) 161 [hep-ph/9802439].

[16] G. Sterman and M.E. Tejeda-Yeomans, Multi-loop amplitudes and resummation, Phys. Lett.

B 552 (2003) 48 [hep-ph/0210130].

[17] J.A.M. Vermaseren, Some problems in loop calculations, Acta Phys. Polon. B29 (1998) 2599 [hep-ph/9807221]; New features of form, math.ph/0010025.

[18] A.V. Kotikov, Differential equations method: new technique for massive Feynman diagrams calculation, Phys. Lett. B 254 (1991) 158.

[19] E. Remiddi, Differential equations for Feynman graph amplitudes, Nuovo Cim. A110 (1997) 1435 [hep-th/9711188];

T. Gehrmann and E. Remiddi, Differential equations for two-loop four-point functions, Nucl. Phys. B 580 (2000) 485 [hep-ph/9912329];

P. Mastrolia and E. Remiddi, Analytic evaluation of Feynman graph integrals, Nucl. Phys. 116 (Proc. Suppl.) (2003) 412 [hep-ph/0211210].

[20] S. Laporta, Calculation of master integrals by difference equations, Phys. Lett. B 504 (2001) 188 [hep-ph/0102032]; Calculation of Feynman integrals by difference equations, Acta Phys. Polon. B34 (2003) 5323 [hep-ph/0311065].

[21] P.A. Baikov, Explicit solutions of the 3-loop vacuum integral recurrence relations, Phys. Lett.

B 385 (1996) 404 [hep-ph/9603267]; Advanced methods of multi-loop integrals calculations: status and perspectives, Nucl. Phys. 116 (Proc. Suppl.) (2003) 378.

[22] V.A. Smirnov and M. Steinhauser, Solving recurrence relations for multi-loop Feynman integrals, Nucl. Phys. B 672 (2003) 199 [hep-ph/0307088].

[23] M. Caffo, H. Czyz, S. Laporta and E. Remiddi, Master equations for master amplitudes, Acta Phys. Polon. B29 (1998) 2627 [hep-th/9807119];

T. Gehrmann and E. Remiddi, Progress on two-loop non-propagator integrals,

hep-ph/0101147.

[24] V.A. Smirnov, Analytical result for dimensionally regularized massless on-shell double box, Phys. Lett. B 460 (1999) 397 [hep-ph/9905323]; Analytical result for dimensionally regularized massive on- shell planar double box, Phys. Lett. B 524 (2002) 129 [hep-ph/0111160];

V.A. Smirnov and O.L. Veretin, Analytical results for dimensionally regularized massless on-shell double boxes with arbitrary indices and numerators, Nucl. Phys. B 566 (2000) 469 [hep-ph/9907385].

[25] J.B. Tausk, Non-planar massless two-loop Feynman diagrams with four on- shell legs, Phys.

Lett. B 469 (1999) 225 [hep-ph/9909506].

[26] Z. Bern, A. De Freitas, L.J. Dixon, A. Ghinculov and H.L. Wong, QCD and QED corrections to light-by-light scattering, J. High Energy Phys. 11 (2001) 031 [hep-ph/0109079].

[27] E.W.N. Glover, C. Oleari and M.E. Tejeda-Yeomans, Two-loop QCD corrections to gluon gluon scattering, Nucl. Phys. B 605 (2001) 467 [hep-ph/0102201]; C. Anastasiou, E.W.N. Glover, C. Oleari and M.E. Tejeda-Yeomans, Two-loop QCD corrections to massless quark gluon scattering, Nucl. Phys. B 605 (2001) 486 [hep-ph/0101304];

– 14 –

L.W. Garland, T. Gehrmann, E.W.N. Glover, A. Koukoutsakis and E. Remiddi, Two-loop QCD helicity amplitudes for e^+e^− → 3jets, Nucl. Phys. B 642 (2002) 227 [hep-ph/0206067]; Z. Bern, A. De Freitas and L.J. Dixon, Two-loop helicity amplitudes for gluon gluon scattering in QCD and supersymmetric Yang-Mills theory, J. High Energy Phys. 03 (2002) 018 [hep-ph/0201161].

[28] Z. Bern, L.J. Dixon, D.C. Dunbar, M. Perelstein and J.S. Rozowsky, On the relationship between Yang-Mills theory and gravity and its implication for ultraviolet divergences, Nucl. Phys. B 530 (1998) 401 [hep-th/9802162]; One-loop n-point helicity amplitudes in (self-dual) gravity, Phys. Lett. B 444 (1998) 273 [hep-th/9809160]; Multi-leg one-loop gravity amplitudes from gauge theory, Nucl. Phys. B 546 (1999) 423 [hep-th/9811140].

[29] B. Eden, P.S. Howe, C. Schubert, E. Sokatchev and P.C. West, Four-point functions in N = 4 supersymmetric Yang-Mills theory at two loops, Nucl. Phys. B 557 (1999) 355 [hep-th/9811172]; Simplifications of four-point functions in N = 4 supersymmetric Yang-Mills theory at two loops, Phys. Lett. B 466 (1999) 20 [hep-th/9906051]; T. Binoth, E.W.N. Glover, P. Marquard and J.J. van der Bij, Two-loop corrections to light-by-light scattering in supersymmetric QED, J. High Energy Phys. 05 (2002) 060 [hep-ph/0202266].

[30] S.G. Gorishnii, A.L. Kataev, S.A. Larin and L.R. Surguladze, The analytical four loop corrections to the QED β-function in the MS scheme and to the QED ψ-function: total reevaluation, Phys. Lett. B 256 (1991) 81.

[31] T. van Ritbergen, J.A.M. Vermaseren and S.A. Larin, The four-loop β-function in quantum chromodynamics, Phys. Lett. B 400 (1997) 379 [hep-ph/9701390]; J.A.M. Vermaseren, S.A. Larin and T. van Ritbergen, The 4-loop quark mass anomalous dimension and the invariant quark mass, Phys. Lett. B 405 (1997) 327 [hep-ph/9703284].

[32] Y. Schroder, Automatic reduction of four-loop bubbles, Nucl. Phys. 116 (Proc. Suppl.) (2003) 402 [hep-ph/0211288];

K. Kajantie, M. Laine, K. Rummukainen and Y. Schroder, Four-loop vacuum energy density of the SU(N_c) + adjoint Higgs theory, J. High Energy Phys. 04 (2003) 036 [hep-ph/0304048].

[33] D. Kreimer, On the hopf algebra structure of perturbative quantum field theories, Adv. Theor.

Math. Phys. 2 (1998) 303 [q-alg/9707029]; Knots and Feynman Diagrams, Cambridge Univ Press, 2000;

A. Connes and D. Kreimer, Renormalization in quantum field theory and the Riemann- Hilbert problem, I. The Hopf algebra structure of graphs and the main theorem, Commun. Math. Phys. 210 (2000) 249 [hep-th/9912092]; Renormalization in quantum field theory and the Riemann-Hilbert problem, II. The β-function, diffeomorphisms and the renormalization group, Commun. Math. Phys. 216 (2001) 215 [hep-th/0003188].

[34] M.J. Strassler, Field theory without Feynman diagrams: one loop effective actions, Nucl.

Phys. B 385 (1992) 145 [hep-ph/9205205].

[35] M.G. Schmidt and C. Schubert, On the calculation of effective actions by string methods, Phys. Lett. B 318 (1993) 438 [hep-th/9309055]; Worldline Green functions for multiloop diagrams, Phys. Lett. B 331 (1994) 69 [hep-th/9403158]; Multiloop calculations in QED by superparticle path integrals, Nucl. Phys. 39BC (Proc. Suppl.) (1995) 306 [hep-ph/9408394]; Multiloop calculations in the string inspired formalism: the single spinor loop in QED, Phys. Rev. D 53 (1996) 2150 [hep-th/9410100].

– 15 –

[36] V.I. Ritus, The Lagrange function of an intensive electromagnetic field and quantum electrodynamics at small distances, Sov. Phys. JETP 42 (1975) 774; Connection between strong-field quantum electrodynamics and short-distance quantum electrodynamics, Zh. Eksp. Teor. Fiz. 73 (1977) 807 [Sov. Phys. JETP 46 (1977) 423]; The lagrangian function of an intense electromagnetic field, in Proc. Lebedev Phys. Inst. vol. 168, Issues in intense-field quantum electrodynamics, V.I. Ginzburg, ed., Nova Science Pub., NY 1987; V.I. Ritus, Effective lagrange function of intense electromagnetic field in QED,

hep-th/9812124.

[37] W. Dittrich and M. Reuter, Effective lagrangians in quantum electrodynamics, Springer Lect.

Notes Phys. 220 1985.

[38] M. Reuter, M.G. Schmidt and C. Schubert, Constant external fields in gauge theory and the spin 0, 1/2, 1 path integrals, Ann. Phys. (NY) 259 (1997) 313 [hep-th/9610191]; D. Fliegner, M. Reuter, M.G. Schmidt and C. Schubert, Two-loop euler-heisenberg lagrangian in dimensional regularization, Teor. Mat. Fiz. 113N2 (1997) 289 [hep-th/9704194]; B. Körs and M.G. Schmidt, The effective two-loop Euler-Heisenberg action for scalar and spinor QED in a general constant background field, Eur. Phys. J. C 6 (1999) 175 [hep-th/9803144].

[39] W. Dittrich and H. Gies, Probing the quantum vacuum. Perturbative effective action approach in quantum electrodynamics and its applications, Springer Tracts Mod. Phys. 166 2000.

[40] G.V. Dunne and C. Schubert, Two-loop Euler-Heisenberg QED pair-production rate, Nucl.

Phys. B 564 (2000) 591 [hep-th/9907190].

[41] G.V. Dunne and C. Schubert, Closed-form two-loop Euler-Heisenberg lagrangian in a self-dual background, Phys. Lett. B 526 (2002) 55 [hep-th/0111134].

[42] G.V. Dunne and C. Schubert, Two-loop self-dual Euler-Heisenberg lagrangians, I. Real part and helicity amplitudes, J. High Energy Phys. 08 (2002) 053 [hep-th/0205004].

[43] G.V. Dunne and C. Schubert, Two-loop self-dual Euler-Heisenberg lagrangians, II. Imaginary part and Borel analysis, J. High Energy Phys. 06 (2002) 042 [hep-th/0205005].

[44] G.V. Dunne, H. Gies and C. Schubert, Zero modes, β-functions and IR/UV interplay in higher-loop QED, J. High Energy Phys. 11 (2002) 032 [hep-th/0210240].

[45] H.-T. Sato and M.G. Schmidt, Exact combinatorics of Bern-Kosower–type amplitudes for two-loop ϕ^3 theory, Nucl. Phys. B 524 (1998) 742 [hep-th/9802127].

[46] H.T. Sato and M.G. Schmidt, World-line approach to the Bern-Kosower formalism in two-loop Yang-Mills theory, Nucl. Phys. B 560 (1999) 551 [hep-th/9812229]; H.-T. Sato, M.G. Schmidt and C. Zahlten, Two-loop Yang-Mills theory in the world-line formalism and an Euler-Heisenberg type action, Nucl. Phys. B 579 (2000) 492 [hep-th/0003070];

B. Körs and M.G. Schmidt, Two-loop Feynman diagrams in Yang-Mills theory from bosonic string amplitudes, hep-th/0003171.

[47] S.M. Kuzenko and I.N. McArthur, Low-energy dynamics in N = 2 super QED: two-loop approximation, J. High Energy Phys. 10 (2003) 029 [hep-th/0308136].

[48] L.C. Martin, C. Schubert and V.M. Villanueva Sandoval, On the low-energy limit of the QED n-photon amplitudes, Nucl. Phys. B 668 (2003) 335 [hep-th/0301022].

– 16 –

[49] W. Bardeen, Self-dual Yang-Mills theory, integrability and multiparton amplitudes, Prog.

Theor. Phys. Suppl. 123 (1996) 1;

D. Cangemi, Self-duality and maximally helicity violating QCD amplitudes, Int. J. Mod. Phys. A 12 (1997) 1215 [hep-th/9610021].

[50] Z. Bern and A.G. Morgan, Massive loop amplitudes from unitarity, Nucl. Phys. B 467 (1996) 479 [hep-ph/9511336].

[51] C. Anastasiou, Z. Bern, L.J. Dixon and D.A. Kosower, Planar amplitudes in maximally supersymmetric Yang-Mills theory, Phys. Rev. Lett. 91 (2003) 251602 [hep-th/0309040].

[52] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[53] J.P. Bornsen and A.E.M. van de Ven, Three-loop Yang-Mills β-function via the covariant background field method, Nucl. Phys. B 657 (2003) 257 [hep-th/0211246].

[54] M.A. Shifman and A.I. Vainshtein, Operator product expansion and calculation of the two loop Gell-Mann-Low function, Sov. J. Nucl. Phys. 44 (1986) 321.

[55] W. Heisenberg and H. Euler, Consequences of Dirac’s theory of positrons, Z. Physik C 98 (1936) 714;

V. Weisskopf, Über die Elektrodynamik des Vakuums auf Grund der Quantentheorie des Elektrons, Kong. Dans. Vid. Selsk. Math-fys. Medd. XIV No. 6 (1936), reprinted in Quantum electrodynamics, J. Schwinger ed., Dover, New York 1958.

[56] J. Schwinger, On gauge invariance and vacuum polarization, Phys. Rev. 82 (1951) 664

[57] A. Erdélyi ed., Higher transcendental functions, vol. I, Kreiger, Florida 1981.

[58] V. Fock, Proper time in classical and quantum mechanics, Phys. Z. Sowjetunion 12 (1937) 404;

Y. Nambu, The use of the proper time in quantum electrodynamics, Prog. Theor. Phys. 5 (1950) 82.

[59] H. Leutwyler, Vacuum fluctuations surrounding soft gluon fields, Phys. Lett. B 96 (1980) 154; Constant gauge fields and their quantum fluctuations, Nucl. Phys. B 179 (1981) 129; M.S. Dubovikov and A.V. Smilga, Analytical properties of the quark polarization operator in an external selfdual field, Nucl. Phys. B 185 (1981) 109;

J. Finjord, Quarks in a constant selfdual euclidean background field, 1. Some properties of the vacuum polarization, Nucl. Phys. B 194 (1982) 77; Quarks in a constant selfdual euclidean background field, 2. Influence on the stability of the background field, Nucl. Phys. B 222 (1983) 507;

E. Elizalde and J. Soto, Exact effective actions for quarks in pure and selfdual mean fields, Nucl. Phys. B 260 (1985) 136.

– 17 –